It is proved that if k and d are positive integers such that the product of any two distinct elements of the set {F 2k , 5F 2k , 4F 2k+2 , d} increased by 4 is a perfect square, than d = 4L 2k F 4k+2 . This is a generalization of the results of Kedlaya, Mohanty and Ramasamy for k = 1.
theorem of Bennett on simultaneous approximations of quadratic irrationals [3] . The special form of our triples {a, b, c}, the property that b = 5a, makes our problem very suitable for application of Bennett's result. This was the additional motivation for consideration of this particular family of quadruples.
Sets with the property D(4)
Lemma 1 There does not exist a D(4)-triple consisting of three odd integers.
Proof. Assume that {a 1 , a 2 , a 3 } is a D(4)-triple with odd elements. From a 1 a 2 + 4 ≡ 1 (mod 8) it follows a 1 a 2 ≡ 5 (mod 8), and analogously a 1 a 3 ≡ 5 (mod 8), a 2 a 3 ≡ 5 (mod 8). Multiplying these three congruences we obtain (a 1 a 2 a 3 ) 2 ≡ 125 ≡ 5 (mod 8), a contradiction. From Lemma 1 and the main results of [12] we obtain immediately the following result. 
where r, s, t are positive integers defined by ab + 4 = r 2 , ac + 4 = s 2 , bc + 4 = t 2 .
It is easy to check that the number d, defined by (1), really extends given D(4)-triple {a, b, c}. First of all, d is a positive integer. Furthermore,
The purpose of the present paper is to prove Conjecture 1 for an infinite family of triples, given in terms of Fibonacci numbers.
A parametric family of D(4)-quadruples
Let us consider the quadruple {F 2k , 5F 2k , 4F 2k+2 , 4L 2k F 4k+2 }. It holds:
Therefore {F 2k , 5F 2k , 4F 2k+2 , 4L 2k F 4k+2 } is a D(4)-quadruple. It has the form from Conjecture 1. Indeed, in this case c = a + b + 2r and
Hence, the following theorem is a special case of Conjecture 1.
Theorem 1 for k = 1, i.e. Conjecture 1 for the triple {1, 5, 12}, was proved by Kedlaya [19] . He also proved Conjecture 1 for the triple {1, 5, 96}. Previously, Mohanty and Ramasamy [20] proved that the D(4)-quadruple {1, 5, 12, 96} cannot be extended to a D(4)-quintuple.
Systems of Pellian equations
Let {a, b, c}, where 0 < a < b < c, be a D(4)-triple and let the positive integers r, s, t be defined by
Assume that d > c is a positive integer such that {a, b, c, d} is a D(4)-quadruple. We have
for some positive integers x, y, z. Eliminating d from (2) we obtain the following system of Pellian equations
We will now describe the sets of solutions of equations (3) and (4) . We will follow the argumentation of Stolt [ 
1 ) are solutions of (3) and (4), respectively.
1 satisfy the following inequalities
(iii) If (z, x) and (z, y) are positive integer solutions of (3) and (4) respectively, then there exist i ∈ {1, . . . , i 0 }, j ∈ {1, . . . , j 0 } and integers m, n ≥ 0 such that
Proof. It is clear that it suffices to prove the statement of the lemma for equation (3) . Let (z, x) be a solution of (3) in positive integers. Consider all pairs (z * , x * ) of integers of the form
Since (zs − xc)(zx + xc) = 4(z 2 + c(a − c)), we conclude that (z * , x * ) is an integer solution of (3). Also, from z * √ a + x * √ c > 0 and |x * √ c| > |z * √ a| it follows that x * is a positive integer. Among all pairs (z * , x * ), we choose a pair with the property that x * is minimal, and we denote that pair by (z 0 , x 0 ). Define integers z and x by
where ε = 1 if z 0 ≥ 0, and ε = −1 if z 0 < 0. From the minimality of x 0 we conclude that x = 1 2 (sx 0 − εaz 0 ) ≥ x 0 and this leads to a|z 0 | ≤ (s − 2)x 0 . Squaring this inequality we obtain
Now we have
Hence, we have proved that there exists a solution (z 0 , x 0 ) of (3) which satisfies (5) and (6) (and accordingly belongs to a finite set of solutions) and an integer m ∈ Z such that
It remains to show that m ≥ 0. Suppose that m < 0. Then
, where α, β are positive integers satisfying α 2 − acβ 2 = 4. We have z = 
and from (4) we conclude that z = w (j) n for some index j and integer n ≥ 0, where
It follows easily by induction that v
(mod c).
From (2), it follows z 2 ≡ 4 (mod c). Hence, the initial values satisfy (z
Let us now consider the case {a, b, c} = {F 2k , 5F 2k , 4F 2k+2 }. Note that in this case b = 5a and 10a < c ≤ 12a. Therefore, Lemma 2 implies (z
Thus, we have z 2 1 = 4 and z 2 0 = 4, c + 4, 2c + 4 or 3c + 4. We omitted the superscripts (i) and (j), and we will continue to do so.
We have to consider four cases depending on parities of m and n in v m = w n . 1) If m and n are both even, then we have z 0 ≡ z 1 (mod c). Hence,
2) If m is odd and n is even, then we have
3) If m is even and n is odd, then we have 
, this leads to a contradiction (for k ≥ 4, while the cases k = 1, k = 2 and k = 3 can be checked directly). Therefore, it remains to consider the case |z 0 | = 2. Then x 0 = 2 and cx 0 − s|z 0 | = 2t. However, in this case we have v m ≡ v 1 (mod 2c), w n ≡ w 1 (mod 2c) for odd m and n. It implies t ± s ≡ 0 (mod 2c), which is impossible since s + t = c, and 0 < t − s < c.
Hence, we proved Proposition 1 Let {F 2k , 5F 2k , 4F 2k+2 , d} be a D(4)-quadruple and 4F 2k+2 d+ 1 = z 2 . Then there exist positive integers m and n such that
where the binary recursive sequences {v m } and {w n } are defined by (12) and (13) with z 0 = z 1 = ±2 and x 0 = y 1 = 2.
Lower bound for solutions
In the previous section we proved that v m = w n implies that m and n are both even. In this section we will derive a lower bound for m and n satisfying the equation v 2m = w 2n . Our main tool will be congruence consideration modulo c 2 . The following lemma can be easily proved by induction.
Lemma 3
,
Since in our situation |z 0 | = |z 1 | = x 0 = y 1 = 2, the equation v 2m = w 2n and Lemma 3 imply
Inserting our concrete values for a, b, c, we obtain
and, since F 2k and F 2k+2 are relatively prime,
Assume that 6n 2 ≤ F 2k+2 . Then we may replace ≡ by = in (14) . This implies (5n ± 1)
It follows easily by induction that for a positive integer n it holds v 2n > w n . Hence, v 2m = w 2n implies m ≤ 2n − 1. Inserting this in (15), we obtain n = 0 for "+" sign, and n = 0 or n = 1 for "-" sign. If n = 0, then d = 0. If n = 1 and
Hence we proved
Simultaneous Diophantine approximations
In this section we will derive an upper bound for solutions of the system (3) and (4), using a theorem of Bennett on simultaneous Diophantine approximations of square roots of two rationals which are very close to 1. Let us mention that Bennett used this theorem in the proof of the fact that systems of simultaneous Pell equations of the form
where A and B are distinct positive integers, possess at most three solutions (x, y, z) in positive integers.
Lemma 5 ([3]
) If a i , p i , q and N are integers for 0 ≤ i ≤ 2, with a 0 < a 1 < a 2 , a j = 0 for some 0 ≤ j ≤ 2, q nonzero and N > M 9 , where
then we have
We will apply Lemma 5 to the numbers
Note that in our case b = 5a and c is divisible by 4, say c = 4c . It holds
Proof. We have
and analogously
We apply Lemma 5 with a 0 = 0, a 1 = 1, a 2 = 5, N = bc , M = 5, q = bz, p 1 = 5sx, p 2 = ty. The condition N > M 9 becomes 5F 2k F 2k+2 > 5 9 , which is satisfied for k ≥ 8. In order to obtain an upper bound comparable with the lower bound from Lemma 4, we now assume that k ≥ 9, i.e. a ≥ 2584.
We have .
Lemma 5 and Lemma 6 imply 2c
This implies z λ 1 < 14445b 2 c 2 and log z < log (52002000a 4 ) log (0.95624a 4 ) log(0.0000434659a 2 ) .
Since a ≥ 2584, (16) implies log z < log (a 6.2613 ) log (a 4 ) log(a 0.7217 ) < 34.71 log a .
We have z = w 2n for a positive integer n. By Lemma 4, if we assume
it follows log z > 2n log(2a) > 41.5 log a,
which is in contradiction with (17) .
Hence, we proved Theorem 1 for k ≥ 9.
7 The case k ≤ 8
In remains to consider the case k ≤ 8. This can be done by some of standard methods for solving systems of Pellian equation, e.g. by Baker-Davenport method [1] . In the standard way (see e.g. [1] or [10, Lemma 5], we transform the exponential equation v m = w n into the following logarithmic inequality:
Then we apply Baker's theory of linear forms in logarithms of algebraic numbers (e.g. a theorem of Baker and Wüstholz [2] ). This gives us (large) absolute upper bound for m (for k ≤ 8 we obtained m < 2 · 10 19 ). Then we apply Baker-Davenport reduction ( [1] , see also [14, Lemma 5] ), which reduces this large upper bound to m ≤ 19. The next step of the reduction reduces further this bound to m ≤ 2. It is easy to check directly that for k ≤ 8 the only solutions of the equation v m = w n which satisfy m ≤ 2, correspond to trivial solution d = 0 or to solution d = 4L 2k F 4k+2 , as claimed in Theorem 1.
Remark 1 Another possibility in the case of small k is to apply the MohantyRamasamy method [20] , which is an elementary method based on theory of quadratic residues. The method is implemented in Mathematica by Kedlaya [19] . Using Keldaya's program we were able to solve the cases k = 1, 2, 3, 5 and 6.
